Abstract In this paper, two novel linear implicit and momentum-preserving Fourier pseudo-spectral schemes are proposed and analyzed based on the blend of the spatial discretization by Fourier pseudo-spectral method and time discretization by linear-implicit Crank-Nicolson and linear-implicit Leap-frog approach for regularized long wave equation. More interesting is that the linear-implicit scheme is very efficient in practical computation because only a linear system needs to be solved at each time step. Conservation of discrete momentum is discussed and the linear-implicit scheme is uniquely solvable. By the standard energy method and an induction argument, the linear-implicit Crank-Nicolson momentum preserving scheme and the linear-implicit Leap-frog momentum preserving scheme both have the accuracy of O(τ 2 + N −r ) in the discrete L ∞ norm without refined mesh. Numerical examples are carried out to verify the correction of the theory analysis and the efficiency of the proposed scheme.
Introduction
In this paper, we consider the following initial-boundary value problem for the regularized long-wave (RLW) type equation
u(x L ,t) = u(x R ,t), t ∈ [0, T ],
where F(u) = γ 6 u 3 and u 0 (x) is a given function. a, σ and γ are positive constants. The RLW equation was proposed first by Peregrine [30] and later by Benjamin et al. [3] as a model for small amplitude long waves on the surface of water in a channel. Generalizations such as the generalized regularized long wave equation or the modified regularized long wave equation [2] and generalized RosenauKawhara-RLW equation [31] also arise from various applications. The RLW is very important in physics media since it describes phenomena with weak nonlinearity and dispersion waves, including nonlinear transverse waves in shallow water, ion-acoustic and magneto hydrodynamic waves in plasma and phonon packets in nonlinear crystals. It admits three conservation laws [28] given by
which correspond to mass, momentum and energy, respectively. Various numerical techniques particularly including finite difference [1, 39] , pseudo-spectral method [14, 23] , Galerkin method [17] , meshless collocation method using radial basis functions [34] , the adomian decomposition [16] and various forms of finite element methods such as Galerkin method [15, 17, 24, 32] , least square method [19, 13, 22] and collocation method with quadratic B-splines [37] , cubic B-splines [12] and septic splines [36] , and the references therein. The authors of [18] pointed out that the non-conservative schemes may easily show nonlinear blow-up, and they presented a new conservative linear difference scheme for the nonlinear Schrödinger equation. In [26] , Li and Vu-Quoc also said: "· · · in some areas, the ability to preserve some invariant properties of the original differential equation is a criterion to judge the success of a numerical simulation". Thus, when discretizing such a conservative system in space and time, it is a natural idea to design numerical schemes that preserve rigorously a discrete momentum that is an equivalence of the continuous one, since they often yield physically correct results and numerical stability [5] . These kind of schemes are called conservative schemes. Since Marsden et al. [27] and Bridges and Reich [4] proposed the concept of multi-symplectic partial differential equations, the multisymplectic schemes have been applied successfully to a lot of important equations. Sun and Qin [38] constructed a multi-symplectic Preissman scheme by using the implicit midpoint rule both in space and time. Cai [6] developed a 6-point multi-symplectic Preissman scheme. An explicit 10-point multi-symplectic Euler-box scheme for the RLW equation was proposed in [7] . Based on the multi-symplectic Euler box scheme and Preissman box scheme. In addition, the design of energypreserving numerical methods for the RLW equation has received some attention. Cai and Hong [9] proposed three local energy-preserving algorithms for the RLW-Type equation. For the approximate boundary conditions, the proposed schemes are energy-preserving globally.
Compared with the numerical application of the RLW equation, there exists few literatures about the theoretical analysis. Solan [35] investigated the RLW equation by a three-level explicit Fourier pseudo-spectral scheme. But the stability and the convergence analysis were not pursued. Coupled with the Richardson extrapolation, Zheng et al. [40] proposed a two-level nonlinear CrankNicolson finite difference scheme for the RLW equation and the resulting scheme has the accuracy of O(τ 2 + h 4 ) without refined mesh was analyzed. In [25] , Kang et al. presented a second-order in time linearized semi-implicit Fourier pseudo-spectral scheme for the generalized RLW equation. The consistency analysis showed that such an approximate solution satisfies the numerical with an O(τ 2 ) accuracy in time and a spectral accuracy in space by assuming the approximation solution bounded in L ∞ norm. Pan et al. [29] developed a high-order compact conservative numerical scheme to solve the initial-boundary problem of generalized RLW equation and proved the scheme has an accuracy of O(τ 2 + h 4 ). In [8] , based on the local momentum law, Cai et al. proposed two explicit local momentum-preserving schemes and two implicit local momentum-preserving schemes and gave the error estimates in L ∞ norm for the proposed implicit schemes. There is no doubt that a scheme with adequate theoretical foundations is more competitive and reliable in practical applications.
In this paper, we develop a linearized and momentum-preserving Fourier pseudo-spectral scheme for the RLW equation with periodic boundary condition on [x L , x R ]. This periodicity assumption in reasonable if the solution decays exponentially outside [x L , x R ] for large enough x L and x R . We first use the Fourier pseudo-spectral method discretization in space and prove the conservation of a semidiscrete momentum which is a discrete approximation of the original momentum in a continuous conservative system of partial differential equations (PDEs). It is quite natural idea to gain a full discrete scheme that can preserve the original momentum as accurately as possible. In order to this target, we respectively apply the linear-implicit Crank-Nicolson scheme and the linear-implicit Leap-frog scheme in time. The fully discrete scheme is proved strictly to preserve the discrete momentum conservation law. Moreover, by the standard energy method and an induction argument, the linear-implicit Crank-Nicolson momentum preserving scheme has an accuracy of O(τ 2 + N −r ) in the discrete L ∞ norm without imposing any constraints on the grid ratio. Only by the standard energy method, the linear-implicit Leap-frog momentum preserving scheme can be similarly discussed. Finally, some numerical examples show the present schemes are efficient and support the theoretical analysis.
In summary, two linear-implicit conservative schemes have the following characteristics:
-linear, so one only needs to solve a Poisson-type equation system at each time step, which reduce the computational cost. -The Fast Fourier Transform algorithm can be adopted to improve the computational efficiency.
-They both preserve the original momentum conservative law in the discrete sense.
-high order, i.e. they are second order in time and spectral accuracy in space.
-The convergences of the two schemes are be rigorously analyzed without refined mesh The remainder of the paper is organized as follows. In section 2.1, we apply the Fourier pseudospectral method in space for the RLW equation, which satisfies the discrete momentum conservation law. In section 3, we employ the linear-implicit Crank-Nicolson method in time to obtain a fully discrete linear conservative scheme, where its conservative property and unique solvability are proved rigorously. The convergence result of this scheme is discussed detailedly in Section 4. In Section 5, we report some numerical results to test our theoretical analysis and simulate the collision of solitary waves. Finally, we give conclusions and further comments.
Structure Preserving Spatial Discretization
In this section, we devise a Fourier pseudo-spectral spatial discretization for the RLW equation with periodic boundary condition. The semi-discrete scheme preserves the discrete momentum conservation law.
Let N be a positive even integer. The domain Ω = [x L , x R ] is uniformly partitioned with mesh size h = (x R − x L )/N and Ω h = {x j |x j = a + jh, 0 ≤ j ≤ N − 1}. Let V h = u|u = {u j |x j ∈ Ω h } be the space of grid functions on Ω h . Throughout this paper, the hollow letters A, B, D, · · · will be used to denote rectangular matrices with a number of columns greater than one, while the bold ones U, V, W, · · · will represent vectors. For any two vector functions U, V ∈ V h , we define the discrete inner product, L 2 norm and semi-norm, respectively,
, where V j denotes the conjugate of V j . For simplicity, we use the abbreviation · h = · 0,h and
It is easy to prove that
where
Lemma 2.1 For any mesh funciton U ∈ U h , we have
and under the periodic boundary condition, we have
The proof is complete. ⊓ ⊔
Fourier pseudo-spectral method
We define [11, 33] 
as the interpolation space, where g j (x) is trigonometric polynomial of degree N/2 given by
where u j = u(x j ,t). To obtain derivative ∂ k x I N u(x) at collocation points, we differentiate (2.2) and evaluate the resulting expressions at point x j :
where D k is a so-called k-order differential matrix [33] .
we have
where F N is the discrete Fourier transform, and F
−1
N is the discrete inverse Fourier transform.
Remark 2.1 With the help of Lemma 2.2, we can evaluate the derivatives by using the FFT algorithm instead of the spectral differentiation matrix.
Here, we define a new semi-norm as follows: 
where f (x) = a 0 + a 1 x + · · · + a n−1 x n−1 and ε j = e i 2 jπ n . Lemma 2.4 For any grid function U ∈ V h , we have
Proof The proof of (2.4) and (2.5) is similar, here we just prove (2.5). Note that 
Using Lemma 2.3, we easily deduce
we can obtain 4
which further shows that
Combining (2.6) wtih (2.7) yields
The conclusion holds by the first identity of (2.1) and the proof is complete. ⊓ ⊔ Remark 2.2 The Lemma 2.4 indicates that semi-norm defined by the Fourier pseudo-spectral method is equivalent to that of the finite difference method, which will play an important roles in the proof of boundedness of the numerical solution.
Momentum-preserving spatial semi-discretization
As is well known, the RLW equation can be written in the following equivalent form
It is easy to derive the momentum conservation law by taking the inner product of (2.8) with 2u.
Remark 2.3
The operator u∂ x + ∂ x u operates to a function f in such a way that (u∂ x + ∂ x u) f = u∂ x f + ∂ x (u f ), which is a standard convention in this research area. The same convection applies to the discrete versions.
Applying the Fourier pseudo-spectral method in space for (2.8), we obtain the following semidiscrete system
where D(U) is defined as
Note that D(U) is anti-symmetric for U because of the anti-symmetric property of D 1 . Next we will present that the semi-discrete system (2.9) possesses the discrete momentum conservation law.
Theorem 2.1
The semi-discrete scheme (2.9) preserves the discrete momentum conservation law
Proof Noticing the anti-symmetric property of A(U), we obtain
Taking the discrete inner product of (2.9) with 2u, we deduce
This completes the proof.
3 Linear-implicit momentum-preserving scheme in time for RLW
In this section, we introduce two temporal schemes to arrive at fully discretized schemes. One is linear-implicit Crank-Nicolson method and the other is linear-implicit Leap-frog method, which both preserve the full-discrete momentum conservative law. For ease of reading, we called them LCN-MP and LLF-MP, respectively.
Linear implicit Crank-Nicolson scheme
For a positive integer N t , we denote time
In this paper, we denote the numerical solution U n j ≈ u(x j ,t n ) and C denotes a positive constant which is independing of mesh grid and may be different in different cases.
Applying the linear-implicit Crank-Nicolson scheme in time for the semi-discrete system (2.9), we obtain a linear-implicit momentum-preserving scheme as follows
where U 1 is the solution of the following equation
Next, we prove the fully discrete scheme (3.1) conserves the discrete momentum and the solution is bounded in the discrete L ∞ norm.
Theorem 3.1 The scheme (3.1) and (3.2) satisfy the following discrete momentum conservation law
Proof Noticing that D(U) is anti-symmetric for any U, we have
Therefore, taking the discrete inner product of (3.1) with 2U
which implies that
Similarly, it follows from (3.2) that
From (3.8) and (3.9), we have
This completes the proof. ⊓ ⊔ Theorem 3.2 The scheme LCN-MP (3.1) is uniquely solvable.
Proof The scheme (3.1) can be written as the following linear equation system
In order to obtain the unique solvability of the scheme, we need to prove that the matrix B is invertible.
If Bx = 0, we have
where the anti-symmetry of D(u) was used. Note that I − σ D 2 is symmetric positive definite, thus x = 0, i.e., Bx = 0 has only zero solution. Therefore, B is invertible. This completes the proof. ⊓ ⊔
Linear implicit Leap-frog scheme
Applying the linear-implicit Leap-frog scheme in time for the semi-discrete system (2.9), we obtain the following linear-implicit momentum-preserving scheme
Here, we still choose (3.2) to compute the initial datum for the second level values of the three time levels scheme (3.7).
Theorem 3.3
The scheme LLF-MP satisfies the following discrete momentum conservation law
Therefore, taking the discrete inner product of (3.7) with 2 U n , we have
The scheme LLF-MP (3.7) is uniquely solvable.
Proof The proof is similar to Theorem 3.4, thus it is omitted here.
Remark 3.1 Both the scheme LCN-MP (3.1) and LLF-MP (3.7) are second order in time and high order in space. So the overall order of accuracy is second. The two schemes are linear-implicit. Thus, either an iteration or a direct linear solver has to be used. In what follows, we mainly show the analysis for the scheme LCN-MP by the standard energy method and an induction argument. Only by the standard energy method, the error estimate of the scheme LLF-MP can also be discussed. Due to the limit of page, the proof of convergence of the scheme LLF-MP is omitted.
Prior estimate and convergence
In this section, we will analyze the error estimate of the proposed conservative Fourier pseudospectral method. Similar to finite element analysis, error estimate of pseudo-spectral scheme relies on the interpolation and the projection theory. We first introduce several notations and establish some basis results. Let C ∞ p (Ω ) be a set of infinitely differentiable functions with period L, defined on R, and
with the inner product (·, ·) and the term · . For any positive integer r, the semi-norm and the norm of H r (Ω ) are denoted by | · | r and · r , respectively. In this section, · 0 is denoted by · for simplicity. For even N, we defined the projection space S N and the interpolation space S ′ N , respectively,
where the summation ∑ ′′ is defined by
where P N : L 2 (Ω ) → S N denotes the orthogonal projection operator and I N : C(Ω ) → S ′ N denotes the interpolation operator.
Next, we will introduce some useful lemma, which plays an important role in the proof of the convergence. 
in addition, if r > 1/2, we have
Proof It follows from Lemma 4.1 and Lemma 4.2 that
The proof is complete.
Proof Since
We remark that 5) where the first inequality follows from Lemma 4.1, the second and the fourth inequality follow from (4.3) and the last inequality follows from (4.1). Substituting (4.5) into (4.4) and using Lemma 4.3, we have
The proof is complete. ⊓ ⊔ Lemma 4.5 (Discrete Sobolev inequality [41] ) For any discrete functions U ∈ V h , there exists
Lemma 4.6 (Discrete Gronwall inequality [41] ) Suppose that the nonnegative discrete function {ω n |n = 0, 1, 2, · · · , N; Nτ = T } satisfies the inequality
where Nτ = T , A and B are nonnegative constants. Then
where τ is sufficiently small, such that Bτ ≤ 1/2.
Prior estimate
we have the following prior estimates
for the exact solution of the RLW equation (1.1) and the prior estimates
for the numerical solution of the scheme (2.9).
Proof By the continuous invariant I 2 in (1.2), it is easy to prove that
It follows from the Sobolev inequality that u ∞ ≤ C. In additional, the momentum conservation law in Theorem 3.1 implies
Thus, by Lemma 2.4, we get
Using Lemma 4.5 yields U n ∞,h ≤ C. The proof is complete. ⊓ ⊔
Analysis of the convergence
In the following part, we will prove the convergence analysis. Let u(x,t) be the solution of problem (1.1) and u n j = u(x j ,t n ). For ease of reading, we set f (u) = γ 3 u∂ x u and g(u) = γ 3 ∂ x (u · u). Then the RLW equation (2.8) can be written as
The projection equation of (4.6) is
Note that
Subtracting the second identity of (4.8) from (4.7) gives
By Taylor expansion, it is easy to see that
Let e n j = (u * ) n j − U n j , (n = 0, 1, 2, · · · , N t ). Subtracting (3.1) from (4.7) respectively leads to the following error equation
Moreover, for the staring step (3.2), we have
Computing the discrete inner product of (4.10) and (4.11) with 2e n+ 1 2 (n = 1, 2, · · · , N t − 1) and 2e 1 2 , respectively. Then, we have (ξ n , 2e
12)
δ , 2e
For better readability, we set
and (G 1 )
According to Lemma 4.3, we have F We remark that
It is easy to deduce that (n = 0, 1, · · · , N t )
where the first inequality holds by Lemma 4.1, the second and the fourth inequality hold by (4.3) and the last inequality holds by (4.2). Using Theorem 4.1, Lemma 4.1 and (4.14), we have 
Based on the above results, we obtain
In addition, by noting the fact that
, and when n = 1, 2, · · · , N t − 1,
, 2e
2 )), 2e , 2e
Allocating all the results above, we deduce
Next, we will use an induction assumption to prove that 19) holds by the following three steps.
Step1: when n = 1, we compute the discrete inner product of (4.11) with 2e δ , 2e
Using the Cauchy-Schwartz inequality, (4.15) and (4.17), we obtain
Then, when Cτ ≤ 1/2, we have 
Substituting (4.21) into (4.20) yields 22) which implies (4.19) holds for n = 1.
Step2: we suppose that (4.19) holds for 1 ≤ n ≤ k ≤ N t − 1, that is,
Step3: we prove that (4.19) holds for n = k + 1. Setting n = k and computing the discrete inner product of (4.10) with 2e k+ 1 2 , we obtain
Summing the above equation together for k from 1 to m, then replacing m by k, we have
For the estimates of these terms in the right-hand of (4.23), using (4.16) and (4.18) and CauchySchwartz inequality yields 
where we have noted that N t τ = T . Combining (4.22) with (4.25), we get
When Cτ ≤ 1/2, by Gronwall inequality, we obtain from (4.26) that
which implies
Consequently, the induction argument is closed. From the above argument, it is not hard to see the following theorem holds Theorem 4.2 Suppose that u(x,t) is the exact solution of problem (1.1) satisfies
then the numerical u n of the scheme (3.7) is convergent to the solution u(x,t) of the problem (1.1) with the convergence order O(τ 2 + N −r ) in the discrete L 2 norm.
Theorem 4.3 Suppose that u(x,t) is the exact solution of problem (1.1) satisfies
then the numerical U n of the scheme LCN-MP (3.1) is convergent to the solution u(x,t) of the problem (1.1) with the convergence order O(τ 2 + N −r ) in the discrete L ∞ norm.
Proof By Lemma 4.4 and (4.19), we have
By Lemma 2.4 again, we have
Hence, from Lemma 4.5 and Theorem 4.2, it follows
This completes the proof. ⊓ ⊔
Numerical experiments
Just as we have mentioned in the beginning of this paper and proven in the preceding sections, our proposed schemes have some nice advantages. In this section, some numerical experiments are carried out to show the performance of the scheme LCN-MP and LLF-MP. The performance of proposed method will be showed in following aspects:
-to simulate the migration of the solitary waves; -to test the accuracy order of the scheme LCN-MP and LLF-MP; -to show the performance in preserving the momentum property; -to make comparison with some existing methods.
To calculate the convergence rates both in time and space, we use the formula below
where δ j , error j ( j = 1, 2) are step size and the corresponding error with step size δ j , respectively. In order to show the preservation of invariants at n-th time level, the relative mass, momentum and energy error at t = t n are respectively defined as
2 ) are the discrete mass, momentum and energy, respectively. Moreover, some schemes involved in this section are given in Table 5 .1. 
Notation
Algorithm description
LCN-MP
The algorithm is defined in (3.1).
LLF-MP
The algorithm is defined in (3.7).
ELMP-I
The scheme comes from [8] .
ELMP-II
ILMP-I
ILMP-II
Migration of a single solitary wave
The RLW equation has an analytic solution of the form
which corresponds to the motion of a single solitary wave with amplitude 3c, initial center at x 0 , the wave velocity v = a + γc. Next, we solve the RLW equation with initial condition
All computations are done with a = γ = σ = 1, x 0 = 0. The problem domain is −30 ≤ x ≤ 30. Fig. 5 .1 presents the wave profile of the numerical solution for RLW equation with N = 256, dt = 1.0e − 3 and c = 1/3 from t = 0 to t = 6 which is generated by LCN-MP and LLF-MP with almost same profile of the exact solution.
Test accuracy in space and in time
To investigate the accuracy in space, we take τ = 1.0e − 4 so that the error in the temporal direction can be negligible. With grid sizes from N = 32 to N = 64 in increment of 4, we solve (1.1) by LCN-MP and LLF-MP up to time T = 1. For exploring the time accuracy, we fix the space step N = 1024 so that the numerical error is dominated mainly by the temporal ones. With a sequence 
Test conservation properties
As stated above, the RLW equation has three conservative laws related to mass, momentum and energy, respectively. In order to test these conservation properties, we take τ = 0.025 with N = 256, c = 1/3 and computational interval x ∈ [−30, 30] The run of the algorithm is continued up to time T = 100. In view of the relative error in the mass, momentum and energy conservation laws (see Fig. 5 .4), we can find the discrete momentum can be preserved to round-off errors by the scheme LCN-MP and LLF-MP. We found the two schemes do not preserve the mass and energy exactly. The conclusion is consistent with our theoretical result. Table  5 .3 displays the errors in solution and the CPU times versus the recorded schemes (ILMP-I and ILMP-II) in the literature. We find that the errors of all schemes decrease as c decreases. We conclude that our proposed schemes (LCN-MP and LLF-MP) does not only admit much smaller error but also is more efficient than these existing ones. The reason is that one is a linear scheme and only a linear system to be solved at each time step, which highly improves the efficiency of the computation. Although these profiles can be produced by six different momentum-preserving methods, from the relative errors of discrete momentum in Fig. 5 .5 LCN-MP and LLF-MP are superior than the scheme ILMP-I and ILMP-II in the exact conservation of momentum invariant. where
, x 1 , x 2 , c 1 and c 2 are constants. The analytical momentum value can be found as the interaction of two positive solitary waves from t = 0 to t = 140. In Table 5 .4, the numerical results of the momentum invariant are obtained by different methods. One can see that the invariant of the momentum by the scheme LCN-MP and LLF-MP almost coincide with analytical values throughout. The changes in momentum for the four schemes are displayed in Fig 5. 7. Again the proposed schemes capture the momentum very well. 
The Maxwellian pulse
In this part, a more interesting test case for RLW equation is to investigate the long-time asymptotic properties by initiating the wave motion with Gaussian pulse, namely the so-called Maxwellian initial condition. We take the initial condition u(x, 0) = exp(−(x − 7) 2 ), −40 ≤ x ≤ 100.;
and all simulations are done with γ = 1, a = 1, τ = 0.01 and h = 0.1. We mainly discuss each of the following cases: (i) σ = 0.04, (ii) σ = 0.01 and (iii) σ = 0.001, respectively. The simulation starts at T = 0 and stops at T = 40. Fig. 5.8 shows that more and more solitary waves are formed with reducing the value of σ by the scheme LCN-MP and LLF-MP. One can see that only a single soliton is generated for σ = 0.04, while for σ = 0.01 three stable solitons are generated. For σ = 0.001, the Maxwellian pulse decays into about eight solitary waves. The relative changes in momentum for σ = 0.04, σ = 0.01 and σ = 0.001 are respectively displayed in Fig. 5.9 . It is clear that the scheme LCN-MP and LLF-MP both capture the momentum well and the former performs better than the latter. In a word, these numerical results given in this section confirm that the convergence property as well as the efficiency and accuracy of the two new schemes, and they preserve the momentum very well.
Conclusions and Further Comments
In this paper, we proposed and analyzed two new linear implicit and momentum-preserving Fourier pseudo-spectral schemes for RLW equation. In the study, at the first step, we discretized the space by the Fourier pseudo-spectral method and the semi-discrete scheme conserves the momentum law at the discrete level. For time discretization, a linear-implicit Crank-Nicolson was used to preserve the semi-discrete momentum obtained by the first step. The perfect combination of Fourier pseudospectral and linear implicit Crank Nicolson method leads to a new linear-implicit and efficient numerical algorithm because only a linear system needs to be solved at each time step, and the FFT algorithm is also used to speed up the computation in the actual implementation. Moreover, the conservation of discrete momentum and the uniquely solvable property of the fully-discrete scheme are rigorously proved. We establish the fact that the semi-norm in the Fourier pseudo-spectral method is equivalent to that in the finite difference method. By the standard energy method and an induction argument, we analyzed the error estimate of the linear-implicit and momentum-preserving Fourier pseudo-spectral scheme. The scheme is proved to be convergent in the order of O(τ 2 + N −r ) in the discrete L ∞ norm. Numerical experiments show that the proposed scheme is very effective and present the remarkable conservative property.
As applying the linear implicit scheme to multi-dimensional problem, it will highly decrease the computational cost. And the current analytical techniques are no longer valid in high dimensions. Based on these considerations, the linear-implicit and momentum-preserving scheme for RLW in multi-dimensions will be one of our on-going project.
